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We revisit the problem of detection of entanglement of an unknown two-qubit state using minimal
resources. Using weak values and just two copies of an arbitrary two-qubit state, we present a
protocol where a post selection measurement in the computational basis provides enough information
to identify if the state is entangled or not. Our protocol enables complete state identification with a
single-setting post selection measurement on two copies of the state. It follows that by restricting to
pure states, the global interaction required for determining the weak values can be realized by local
operations. We further show that our protocol is robust against errors arising from inappropriate
global interactions applied during weak value determination.
I. INTRODUCTION
Ever since the coinage of the word “entanglement” by
Schro¨dinger in 1935 closely following the work of Ein-
stein, Podolsky and Rosen (EPR) [1], discussion and
debate about its nature and manifestation has contin-
ued to remain one of the most engaging issues in mod-
ern physics. The paradox posed by EPR demonstrated
for the first time the possibility of creating non-classical
and nonlocal correlations with the help of entanglement,
which Schro¨dinger tried to explain in terms of quan-
tum ”steering” [2]. Subsequently, the pioneering work
of Bell [3] paved the way for mathematically distinguish-
ing quantum correlations from those arising through a
local realist description of physical phenomena. More
recently, it has been realized that quantum correlations
could be classified into hierarchical categories [4, 5] with
entanglement being the weakest, followed by steering and
Bell-nonlocality.
In present times, entanglement is regarded as the pri-
mary building block of quantum correlations, leading to
landmark discoveries in quantum information science [6].
Numerous protocols have already been suggested, which
use these correlations as resource and result in improve-
ments, which no classical resource could achieve [7–11]. It
has been realized [4, 5] that the nonlocal quantum corre-
lations responsible for steering and Bell-violation cannot
exist without the presence of entanglement. As a result of
this, identification and quantification of quantum corre-
lations, have become a topic of cutting edge research in
various inter-disciplinary areas of physics, mathematics
and computer science, as well.
In quantum information theory, the way of identifying
entanglement in a given bipartite state is through the sep-
arability criterion [12, 13]. Though this criterion is also
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helpful in quantification of entanglement [14, 15], it is
measurable only when full knowledge of the state is avail-
able. Such knowledge requires state tomography [16],
which is expensive in terms of resources required. On the
other hand, there are methods based on direct measure-
ment of observables (which are single setting measure-
ments) such as entanglement witnessing [17–19] which
have been experimentally realized [20, 21]. In addition,
other schemes have been recently proposed, such as self-
testing protocols, which can identify individual entangled
states giving rise to particular correlations in a given sce-
nario [22–25]. However, all such methods suffer from the
drawback of non-universality. For instance, for every en-
tanglement witness (EW) there exists a class of entangled
states, which it cannot detect [18, 26]. This prevents the
use of any single EW to detect all entangled states. It
is pertinent to note here that arranging a higher num-
ber of measurement settings is an expensive resource in
experiments.
Entanglement detection in two-qubit states has drawn
renewed attention, as can be seen from several recent
works [27]. Our motivation for the present study is to re-
duce the resources required for identifying entanglement,
and here we concern ourselves with the task of identi-
fication of entanglement in an unknown state. In this
context, Yu et al. [28] constructed an observable acting
on four copies of any two-qubit state, that could detect
entanglement for certain classes of two-qubit states. Au-
gusiak et al. [29] proposed the construction of an observ-
able which acts on four copies of a two-qubit state and re-
sults in detection of all entangled states. Therefore, uni-
versal detection of entanglement could be done through
measurement in a single setting, but the cost is to sup-
ply multiple copies of the state. Further work in this
direction [30–33], has been performed to reduce the re-
sources required for universal identification of entangled
states. Girolami et al [30] proposed a method for iden-
tifying quantum correlations in two-qubit states through
measurement of seven observables on four copies, where
the observables are local in the Alice-Bob cut (the two
parties sharing the bipartite state). It has been shown
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2[32, 33] that any universal entanglement detection scheme
on a single copy of a state, has to be necessarily a state
tomography process. Recently, the protocol in [29] was
extended to the completely device independent scenario
[34].
In the present work we propose a protocol where uni-
versal detection of entanglement is possible in a single
measurement setting on just two copies of any two-qubit
state, using weak values. The idea of weak measure-
ment was first proposed by Aharonov et al. in [35], to
show that an experimental outcome outside the eigen-
value spectrum of an observable could be obtained if a
sufficiently weak coupling of the system and the appa-
ratus along with post-selection is employed. Weak mea-
surements have been utilized in several interesting appli-
cations such as observations of spin Hall effect [36], tra-
jectories of photons [37], direct measurement of the quan-
tum wave function [38], and measurement of ultrasmall
time delays of light [39]. The technique of weak mea-
surement and reversal has also been used in the preser-
vation of entanglement [40–43], teleportation fidelity [44]
and steerability [45] through noisy channels. Detection
of weak value has been found to be useful in observing
geometric phase [46], non-Hermitian operators [47] and
quantum state [48–50].
Here we show that our protocol of entanglement de-
tection using weak values on two copies of an arbitrary
two-qubit state results in complete identification of the
state, i.e., state tomography, in the similar fashion as
in [32, 33]. Note that, a number of attempts [31, 51–
53] were made to measure concurrence [54, 55] of two
qubit states through measurement of a single observable
on two copies of the state. Although, for pure states [51]
such observables could be found, only estimates could
be given for mixed states [31, 52, 53]. In this regard,
our result provides a solution to this problem, as com-
plete identification of two-qubit states, obtained through
our protocol, also imply measurement of concurrence for
any two-qubit state using two copies. We further show
that on restricting the set of states to just pure states,
the weak interaction necessary in our protocol, can be
realized through local operations on each of the qubits.
Finally, we also show that our protocol is robust to er-
rors arising from inappropriate choice of weak interaction
between two copies of the two-qubit states.
The plan of this paper is as follows. In Sec II we dis-
cuss the preliminaries required for the analysis, before
presenting our protocol in Sec III. In Sec III C we discuss
possible implementation of our scheme through local op-
erations. In Sec IV we demonstrate the robustness of our
protocol, before concluding in Sec V.
II. BACKGROUND
For any Hilbert spaces H, let the space of all linear
operators be denoted by L(H), and the set of all density
matrices be P+(H). Now, consider two parties, Alice and
Bob, each separately possessing a two-level quantum sys-
tem (qubit) with Hilbert spacesHA andHB , respectively.
Also consider the pointer system of the measuring appa-
ratus to be a quantum system with Hilbert space HE .
Now, any bipartite quantum state, that can be written
as a convex mixture of product states is called a separable
state i.e.
ρsep =
∑
i
piρ
A
i ⊗ ρBi (1)
for any ρAi ∈ P+(HA) , ρBi ∈ P+(HB) and probability
distribution {pi}i. Any state ρ ∈ P+(HA⊗HB) which is
not separable is called an entangled state. Note that, as
ρ ∈ L(HA ⊗HB), it can always be decomposed as,
ρ =
∑
ijkl
pijkl |i〉 〈j| ⊗ |k〉 〈l| (2)
where {|i〉}i denotes an orthonormal basis in each of the
subsystem Hilbert spacesHA andHB . Using this decom-
position, we can define the partial transpose of ρ, with
respect to the subsystem B, in the following way,
ρTB =
∑
ijkl
pijlk |i〉 〈j| ⊗ |k〉 〈l| (3)
Note that, we can similarly define ρTA and ρTB = (ρTA)T ,
where •T denotes transposition. Now, we can present the
separability criteria, as mentioned in the previous sec-
tion. Any two qubit state ρ ∈ P+(HA⊗HB) is separable
[29, 56, 57] if and only if,
det
(
ρTB
) ≥ 0 (4)
where det(A) represents determinant of a matrix A. This
criterion can also be linked to the quantification of en-
tanglement in terms of concurrence [55].
Now we briefly illustrate the idea of weak measurement
and weak values. In the theory of weak measurements
[35, 58], the pointer system of the measuring apparatus
is kept in an initial state φin ∈ P+(HE) and a quan-
tum system is pre-selected in a state ρ ∈ P+(H). Then,
the joint system-pointer state is evolved through a weak
interaction generated by a Hamiltonian H ⊗ Px, where
H is the Hamiltonian associated with the system, Px is
the momentum operator of the pointer system, and 
is a small positive number representing the weakness of
interaction. Following this, a strong post-selective mea-
surement is performed on the weakly evolved state of the
system in a basis {|uk〉}k, where |uk〉 ∈ H, which results
in the pointer state φkf ∈ P+(HE) for each k, where
φkf ≈ 〈ui| ρ |ui〉 e−i〈H〉
(k)
ρ Pxφin e
i〈H〉(k)ρ Px (5)
where 〈H〉(k)ρ are the weak values, given by,
〈H〉(k)ρ =
tr
[
Hρ |uk〉 〈uk|
]
tr
[
ρ |uk〉 〈uk|
] . (6)
Note that Eq. (5) can be derived only under the approxi-
mation that  is very small. For measuring 〈H〉(k)ρ certain
3properties of the position and momentum wave function
of φkf needs to be observed. As mentioned in Ref [59],
these properties include shift in expectation value of the
position and momentum wavefunction compared to their
initial values, variance of the momentum wave function,
rate of change of the position wavefunction, and strength
of the weak interaction i e., . A detailed analysis on this
technique is provided in section II of [59]. Also recently,
real and imaginary parts of a weak value was detected by
using Laguerre-Gaussian modes [60] in the pointer state.
For a detailed discussion on weak values, refer to [58].
III. ENTANGLEMENT WITNESS VIA WEAK
VALUES USING TWO COPIES OF THE STATE
In this section, we present a technique using weak
values to detect entanglement of any two-qubit state,
through a single projective measurement, i.e., measure-
ment in a single setting. It was recently shown [61], that
by suitable choice of Hamiltonian and post-selective mea-
surement, weak values can be used to determine the con-
currence of any pure two-qubit state. In this paper we
generalize this idea to any two-qubit state. For this pur-
pose, we consider only two copies of the two-qubit state
in consideration.
Now, let us start by considering Alice and Bob share
two copies of a two-qubit state ρ ∈ P+(HA ⊗HB). The
most general form of the density matrix of a two-qubit
state (mixed or pure) can be expressed in the following
form,
ρ =
 p u v wu∗ q x yv∗ x∗ r z
w∗ y∗ z∗ s
 (7)
where, p, q, r and s are real, non-negative numbers sum-
ming up to 1, and u, v, w, x, y and z are complex num-
bers in general; u∗ is the complex conjugate of u, etc. It
should be noted that ρ is Hermitian. In addition to these
conditions there is another constraint of positivity of the
above matrix, which has to be satisfied by ρ to be a valid
density matrix, but for our purpose here, we stick to the
form given in Eq. (7).
A. The general case
We first consider the general case, where p, q, r and s
are nonzero. As a result, the determinant of the partially
transposed matrix of ρ can be written as,
det(ρTB ) = pqrs
(uu∗zz∗
pqrs
− uvy
∗z∗
pqrs
− uw
∗xz
pqrs
− u
∗v∗yz
pqrs
−u
∗wx∗z∗
pqrs
+
vv∗yy∗
pqrs
− vw
∗x∗y
pqrs
− v
∗wxy∗
pqrs
+
ww∗xx∗
pqrs
+
uvw∗
pqr
+
u∗v∗w
pqr
+
uxy∗
pqs
+
u∗x∗y
pqs
− uu
∗
pq
+
vx∗z∗
prs
+
v∗xz
prs
−vv
∗
pr
− xx
∗
ps
+
wy∗z∗
qrs
+
w∗yz
qrs
−ww
∗
qr
− yy
∗
qs
− zz
∗
rs
+ 1
)
. (8)
It can be seen that the determinant in Eq. (8) is a polyno-
mial of degree 4. In [62], it was shown that an n-th degree
homogeneous polynomial function of the density matrix
elements can be computed as the expectation value of a
pair observables, which acts on n copies of the density
matrix. This result was later on used by Augusiak et
al. [29] to construct a single observable, acting on four
copies of a two-qubit state, to compute the determinant
in Eq. (8) for witnessing entanglement.
Our aim is to reduce the number of copies of the state
required, and hence reduce the resources required for the
process of witnessing. For this purpose we consider the
technique of using weak measurement as in [61]. Note
that in Eq. (4), for detecting entanglement of the un-
known state ρ, it is sufficient to know the sign of the
determinant in Eq. (8). In other words it is enough to
find the value of (1/pqrs) detρTB . We also found that,
finding values of the following terms (and thereby, their
complex conjugates) is sufficient to determine the value
of (1/pqrs) detρTB :
u∗
p
,
u
q
,
z∗
r
,
z
s
,
v∗
p
,
y∗
q
,
v
r
,
y
s
,
w∗
p
,
x∗
q
,
x
r
,
w
s
. (9)
Out of these 12 terms, it can be easily seen that 9 of
them are independent. For example uq ,
z
s and
w∗
p can be
expressed in terms of the remaining 9 terms. Note that
this latter condition does not result in any reduction of
copies required for our protocol.
We find that each of the terms in Eq. (9) can be seen
as a weak value, as in Eq. (6), if we consider two copies
of the state i.e. ρ⊗ρ ∈ P+((HA⊗HB)⊗(HA⊗HB)) and
choose the Hamiltonian H ∈ L((HA⊗HB)⊗(HA⊗HB))
in an appropriate form, along with the post-selective
measurement in the computational basis i.e., {|uk〉}16k=1 ={|0000〉 , |0001〉 , . . . , |1111〉}. It turns out that a suitable
form of H is the following,
H = |00〉 〈00| ⊗H1 + |01〉 〈01| ⊗H1
+ |10〉 〈10| ⊗H2 + |11〉 〈11| ⊗H3 (10)
4A
HD HD
1/RX
A
B
RX 1/RX (RX)2
⇢
B
⇢
post-selectionpre-selection weak interaction
1/RX RX
FIG. 1. Circuit realization of entanglement detection through
weak interaction. Here RX = e
iσx represents rotation of the
bloch vector about x-axis through an angle −2, and HD =
|0〉 〈+| + |1〉 〈−| represents the hadamard operation, where
|±〉 = 1√
2
( |0〉 ± |1〉 ).
where,
H1 = 1 ⊗ σx (11)
H2 = σx ⊗ 1 (12)
H3 = σx ⊗ σx (13)
with σx being the usual Pauli matrix along x-direction.
Using the computational basis {|uk〉}16k=1 and Eqs. (7)
and (10), in Eq. (6), we find a list of weak values and
the terms of Eq. (9), they correspond to,
u∗
p
= 〈H〉(1)ρ⊗ρ ;
u
q
= 〈H〉(2)ρ⊗ρ ;
z∗
r
= 〈H〉(3)ρ⊗ρ ;
z
s
= 〈H〉(4)ρ⊗ρ ;
v∗
p
= 〈H〉(9)ρ⊗ρ ;
y∗
q
= 〈H〉(10)ρ⊗ρ ;
v
r
= 〈H〉(11)ρ⊗ρ ;
y
s
= 〈H〉(12)ρ⊗ρ ;
w∗
p
= 〈H〉(13)ρ⊗ρ ;
x∗
q
= 〈H〉(14)ρ⊗ρ ;
x
r
= 〈H〉(15)ρ⊗ρ ;
w
s
= 〈H〉(16)ρ⊗ρ (14)
Note that four weak values, generated out of the post
selection measurement, are redundant. As a result they
do not occur in the above equation. Therefore, it can
be easily seen from Eq. (14), that our protocol leads to
determination of the sign of the determinant in Eq. (8),
and as a results it would lead to universal entanglement
detection for two-qubit states. Note that in this protocol,
detection of entanglement is made only through a single
projective measurement setting, i.e., the post-selective
measurement.Using the form of Hamiltonian given in Eq.
(10), we find the unitary operator U , giving rise to weak
interaction is given by,
U = |0〉 〈0| ⊗ 1 ⊗ 1 ⊗ e−iσx + |10〉 〈10| ⊗ e−iσx ⊗ 1
+ |11〉 〈11| ⊗ e−iσx⊗σx (15)
In the above form, we can write e−iσx⊗σx = |+〉 〈+| ⊗
e−iσx + |−〉 〈−| ⊗ eiσx . Note that, this represents a
conditional unitary operation, conditioned on {|+〉 , |−〉}
states. As a result we use Hadamard gate HD, which
flips states {|+〉 , |−}〉 ↔ {|0〉 , |1〉}, to achieve the circuit
realization of our protocol, as given in Fig. 1. Also note
that, the decomposition of H in Eq.(10) is not unique,
as it can also be chosen in any form where H1, H2 and
H3 resides in any of the diagonal blocks of the 16 × 16
matrix H. Moreover, as mentioned earlier, there are 9
independent terms in Eq. (9), which leads to 9 indepen-
dent linear equations. Along with these equations, the
constraint p + q + r + s = 1, gives the exact solution
for all the unknown quantities in the density matrix ρ,
and hence our protocol results in complete identification
of the two-qubit state i.e state tomography. Henceforth,
any standard method for finding the amount of entan-
glement like negativity [14, 63] or concurrence [54] can
be employed, and one can calculate how much entangled
the state is. In particular, the following quantity, which
can be easily obtained from our protocol, can also used
to estimate the amount of entanglement present in the
state :
E(ρ) = max{0,−det(ρTB )}. (16)
Thus we see our protocol not only serves as a technique
to detect arbitrary two-qubit entangled state, but also as
a protocol to measure entanglement.
B. Special cases
Let us now consider the special cases where at least one
of the diagonal elements of ρ is zero. This scenario phys-
ically means receiving no signal on the pointer, for the
corresponding measurement outcome, before the weak in-
teraction is switched on. For example, if p is 0, no sig-
nal is received for outcome |0000〉, and similarly for q, r
or s we check if no signal is received for the outcomes
|0101〉 , |1010〉 or |1111〉, respectively. We will show here
that even for this case the same protocol, as described in
Fig. 1, works. We now consider each case individually,
1. Case I
When p = 0, positivity of ρ demands u, v and w must
also be 0. Similarly, when s = 0 we must have w =
y = z = 0. As a result, in both of these cases, we have
det(ρTB ) = −xx∗qr. In both of these cases, we first check
if q or r is zero or not. If either of them is zero, we
conclude ρ is separable. If not, we check if the weak value
〈H〉(14)ρ⊗ρ i e. x∗/q, is zero. If it is, then ρ is separable,
otherwise it is entangled.
2. Case II
Similarly, when q = 0 or r = 0 we have u = x = y = 0
or v = x = z = 0, respectively. In both the cases we get
det(ρTB ) = −ww∗ps. Following this, in a similar way as
above, we check the values of p or s and subsequently,
5the weak value 〈H〉(16)ρ⊗ρ i e. w/s, to determine if ρ is
entangled or not.
C. Implementing the protocol through Local
Operations
In this section, we show that if we restrict the two-
qubit state to be pure states only, we can realize the
weak interaction through local operations on each of the
qubits. Consider ρ = |Ψ〉 〈Ψ|, where |Ψ〉 = a |00〉 +
b |01〉+ c |10〉+ d |11〉. It can be easily seen that ρ is sep-
arable if and only if ad− bc = 0. In the notations of Eq.
(7), we find p = |a|2, q = |b|2, r = |c|2, s = |d|2, u = ab∗
and z = cd∗. Therefore, for this case we modify our pro-
tocol, and choose the weak Hamiltonian in Eq (6) to be
of the form,
H ′ = 1 ⊗ 1 ⊗ 1 ⊗ σx (17)
It can be easily checked that the unitary operator cor-
responding to this Hamiltonian acts locally on all of
the four qubits. Now, in the same way as in the pre-
vious section, we first check if either of p, q, r or s is
zero i.e by checking if signal is received for outcomes
|0000〉 , |0101〉 , |1010〉 or |1111〉. If one, or more of p, q, r
and s are zero, it would imply the corresponding terms
among a, b, c and d are also zero. Using these values we
can easily check if ad− bc = 0. If none of p, q, r or s are
zero, we check if the weak values 〈H ′〉(2)ρ⊗ρ = 〈H ′〉(4)ρ⊗ρ, i
e. if u/q = z/s. If the equality holds then ρ is separable,
otherwise it is entangled.
IV. ROBUSTNESS OF THE PROTOCOL
In real life experiments, errors are bound to occur.
Here we show that, our protocol is robust against er-
rors arising from inappropriate choice of weak interac-
tion. Consider a situation, where an erroneous Hamil-
tonian of the form of He is chosen in place of the cor-
rect Hamiltonian H, where ||H −He||1 ≤ δ. Note here,
||A||1 = tr
√
A†A represents the trace norm of a matrix
A. As a result, the error occuring in the weak values are
given by,
∆k = |〈H〉(k)ρ⊗ρ − 〈He〉(k)ρ⊗ρ| =
| 〈uk| ρ⊗ ρ(H −He) |uk〉 |
〈uk| ρ⊗ ρ |uk〉
≤ | 〈uk| ρ⊗ ρ(H −He) |uk〉 |
m
(18)
where m is the minimum of
{{p, q, r, s} × {p, q, r, s}}
[64] and is always positive. Note that, in obtaining
the above inequality we used the fact 〈uk| ρ ⊗ ρ |uk〉 ∈{{p, q, r, s} × {p, q, r, s}} and it can also be seen that
in our protocol, the weak value for kth outcome is only
measured when 〈uk| ρ ⊗ ρ |uk〉 6= 0. As a result, the de-
nominator never vanishes in Eq. (18). Now, consider the
eigenvalue decomposition H − He =
∑
i λi |i〉 〈i|, where
{|i〉}i forms an orthonormal basis inHA⊗HB⊗HA⊗HB ,
and also note that ||H −He||1 =
∑
i |λi|. As a result,
∆k ≤ |
∑
i λi 〈uk| ρ⊗ ρ |i〉 〈i|uk〉|
m
≤ 1
m
∑
i
|λi| | 〈uk| ρ⊗ ρ |i〉 〈i|uk〉|. (19)
Since 0 ≤ ρ ≤ 1 , it can be easily seen that | 〈uk| ρ ⊗
ρ |i〉 〈i|uk〉| ≤ 1. Thus we have,
∆k ≤ 1
m
∑
i
|λi| ≤ ||H −He||1
m
≤ δ
m
(20)
Thus we see, our protocol is robust to errors arising from
inappropriate choice of weak interaction.
V. CONCLUSIONS
In this paper, we have proposed a universal entangle-
ment detection protocol for two-qubit quantum states.
We consider the most general form of density matrix for
two-qubit states, and show that it is enough to have just
two copies of the given state to identify if it is entangled
or not. Our formulation is based on the determinant
based separability criterion and the idea of weak values.
Previously in [29], it was demonstrated that one can uni-
versally detect entanglement in two-qubit systems using
four copies of the state. Our protocol therefore, leads to
a clear advantage in terms of resource, as in our case it is
sufficient to have just two copies of the state. Our proto-
col requires only a single projective measurement setting
in the computational basis for the purpose of post selec-
tion in weak measurement. It is interesting to note that
in our protocol the number of copies required for entan-
glement detection may be further reduced if some partial
information about the state is known. Moreover, we have
also shown that the procedure of identification is achiev-
able by local operations, if the state in consideration is
a pure state. Further, we have shown that the protocol
is robust against error arising during application of the
weak interaction.
Before concluding, it may be noted that though our
scheme reduces the number of measurement settings com-
pared to the universal entanglement witnessing scheme of
[29] that requires four copies of the state at a time, this
advantage comes at the expense of joint unitary actions
on two copies of the state (for arbitrary mixed states).
Further work involving quantitative comparison of re-
sources used in our scheme and that employed in other
schemes such as in [29] would be needed to obtain a clear
idea of practical viability. In this context, one may need
to compare the energy cost of creating correlations [65]
with the energy cost of doing measurements [66, 67] used
in the various protocols. Finally, we note that if a similar
determinant based criterion for identification of certain
6class of states is available for higher dimensions, we ex-
pect a similar detection protocol such as ours to work
therein.
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